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Abstract — Based on the fractional black-hole entropy (JALALZADEH S. et al., Eur. Phys. J. C,
81 (2021) 632), we derive the modified Friedmann equations from two different frameworks. First,
we consider the modifications of Friedmann equations from the first law of thermodynamics at
the apparent horizon. We show that the generalized second law (GSL) of thermodynamics always
holds in a region bounded by the apparent horizon. Then, we obtain Friedmann equations from
Verlinde’s entropic gravity framework. We also compute the fractional corrections to the decel-
eration parameter g in the flat case k = 0 for both frameworks. Furthermore, we consider the
time to reach the initial singularity for the two frameworks. The results indicate that the initial
singularity is accessible for both frameworks. However, fractional effects may provide a constraint
on the equation-of-state parameter in the entropic gravity scenario since the time is imaginary for
—2/3a <w< —1/3.
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Introduction. — Black-holes thermodynamics is one of
the most promising research fields in theoretical physics
since it reveals the multicultural character of gravity,
namely, the deep connection between gravitation, quan-
tum mechanics, and thermodynamics [1-6]. Black-hole
surface area A and surface gravity x correspond to thermo-
dynamic quantities entropy S and temperature 7', respec-
tively. Inspired by black-hole thermodynamics, Jacobson
derived the Einstein field equations from the first law of
thermodynamics [7]. He obtained the field equations by
considering the entropy-area expression with Clausius re-
lation, Q) = T'dS, under the assumption of the relation is
valid for local Rindler causal horizons through each space-
time point. Here, 6@ and T correspond to energy flux
and Unruh temperature, respectively. Following Jacob-
son’s seminal work, there have been many papers aimed to
reveal the deep connection between gravitational dynam-
ics and horizon thermodynamics [8-62]. For example, the
studies handling the relation between Einstein field equa-
tions and the first law of thermodynamics can be found
in refs. [8-12]. Motivated by Jacobson’s study, Cai and
Kim [13] derived higher-dimensional Friedmann equations
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from the first law in the form of —dF = T,dS) at ap-
parent horizon. Here —dFE corresponds to the energy flux
passing through the apparent horizon for the infinitesimal
time interval at a fixed horizon radius. The temperature
and entropy at the apparent horizon are given by [13]

1 A
T, = ==
g 2174’ S 4’

(1)

where A and 74 are area and apparent horizon, re-
spectively!.  Moreover, they also obtained Friedmann
equations from the entropy formulae of Gauss-Bonnet
gravity and Lovelock gravity theories, where the entropy
is not proportional to the horizon area. Based on ref. [13],
Friedmann equations in the scalar-tensor and f(R) gravity
theories were derived in ref. [14]. Although one can obtain
the Friedmann equations from the above equations, this
framework has some shortcomings such as the limitation
on the equation-of-state only vacuum-energy—dominated
or de Sitter spacetime. Besides, the horizon temperature
is not proportional to the surface gravity x. Assuming
the proportionality of temperature and surface gravity in
addition to the entropy-area relation, one should update
the first law of thermodynamics at the apparent horizon

1We use the units h =c =Gy = L?Dl = 1 throughout the paper.
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as follows [15]:

dE = T;,dSy + WdV, (2)

where W is the work density and E = pV is the total
energy in volume V enclosed by the apparent horizon.
Then, following ref. [15], thermodynamics of the appar-
ent horizon and unified first law were also studied in
refs. [16,17]. Recently, Friedmann equations and appar-
ent horizon thermodynamics have been widely studied in
the literature [18-46].

Another interesting aspect of thermodynamical gravita-
tion is Verlinde’s entropic gravity [47]. In 2010, Verlinde
proposed that gravity is not a fundamental force since
combining gravity with quantum mechanics is harder than
other forces. He claimed that gravity is interpreted as an
entropic force that emerged due to the entropy changes of
bits on the holographic screen. Assuming a holographic
screen with an Unruh temperature, he derived Newton’s
second law. Furthermore, using the holographic principle
and the equipartition law of energy, he also derived New-
ton’s gravitational law and Einstein field equations. Sub-
sequently, many studies on the derivations of Newton’s
gravitational law, Einstein field equations and Friedmann
equations in entropic gravity have been published [48-62].

It is widely known that entropy can be modified in
the context of various theories. The literature is rich
with the applications of modified Friedmann equations for
both the first law at the apparent horizon and entropic
gravity. Motivated by various approaches, loop quantum
gravity [18,19], generalised uncertainty principle [20-22],
rainbow gravity [58,59] corrected Friedmann equations
were derived. Moreover, Tsallis [27-29], Barrow [32-38,
40-42] and Kaniadakis [43,44,60] entropies modified Fried-
mann equations can be found in the literature.

Recently, Jalalzadeh et al. investigated the effects of
fractional quantum mechanics (FQM) on Schwarzschild
black-hole thermodynamics [63]. By using a space-
fractional derivative of second order (Riesz derivative),
they obtained fractional black-hole entropy from a mod-
ified Wheeler-DeWitt equation. In order to obtain the
modified Wheeler-DeWitt equation, they first considered
the canonical quantization procedure of the Schwarzschild
black hole and obtained the corresponding Hamiltonian.
Then, including the quantum Riesz derivative in the
momentum operator of the Hamiltonian leads to the
fractional Wheeler-deWitt equation. The fractional
entropy is given by [63]

24+«

Sh:(mﬁ)%, l<a<?2, (3)
where « is the fractional parameter and the standard case
is recovered for @ = 2. This equation implies that the
entropy is a power law function of its area. We note that
this entropy resembles the Barrow [64] and Tsallis [65]
entropies despite they have different motivations and
physical principles.

In this work, we would like to investigate the modifica-
tions of the Friedmann equations for fractional entropy.

In order to obtain the Friedmann equations, we consider
two frameworks, namely, the first law of thermodynamics
at the apparent horizon and entropic gravity. The
fractional derivative extends the order of derivative
reel or complex numbers. There are various kinds of
fractional derivatives, Liouville, Riemann, Caputo, Riesz
fractional derivatives, etc. [66]. None of these derivatives
successfully explain the all experimental data. Instead,
their agreements with the experiments depend on the
specific problems. Fractional calculus especially finds
many places in the applications of quantum mechanics.
The fractional generalization of quantum mechanics is
known as FQM [67-74]. The interested reader may refer
to Laskin’s monograph on FQM in ref. [73] and review
in ref. [74]. Moreover, recently many studies devoted
to relativistic gravitation and cosmology have been
considered in FQM [75-103].

The paper is organized as follows: In the next section,
we obtain the fractional Friedmann equations from the
first law of thermodynamics at the apparent horizon. We
investigate the deceleration parameter and time to reach
the initial singularity. Then, we check the validity of GSL.
In the third section, we derived fractional Friedmann equa-
tions from the entropic gravity framework. Similarly, we
study the deceleration parameter and calculate the time
to reach the singularity. Finally, the conclusions are pre-
sented in the last section.

Friedmann equations from the first law of ther-
modynamics. — Let us begin to take a quick glimpse
at the basic elements of the Friedmann-Robertson-Walker
(FRW) universe. The line element of the FRW universe
in the compact form is defined by [13]

ds? = hgpdz®dz® + 7dQ?, (4)
where 7 = a(t)r, a(t) is the scale factor, z* = (¢,r), and
hay = diag(—1,a%/(1 — kr?)) is the two-dimensional met-
ric. k = —1, 0, and 1 correspond to the open, flat, and
closed universe, respectively. The apparent horizon is de-
fined by [13]

- 1
Ta=ar = —m——, ()
VH? + k/a?
where H = a/a is the Hubble parameter, and the dot
denotes the derivative with respect to time. The surface
gravity of the horizon is given by [13,104]

1 P A
= —— 1—
AN ( 2HfA)’ (©)

and the corresponding temperature of the apparent hori-

zon is given by [15]
R 1 7iA
(11— . 7
2w 2T 4 ( ZHFA> (7)

We assume the matter and energy of the universe as an
ideal fluid, thus the corresponding energy-momentum ten-
sor is given by

Ty

(®)

T;ux = (/) +p)uuuu "l‘pgul/a
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where p, p and u* are energy density, pressure, and four-
velocity of the fluid, respectively. From the conservation of
the energy-momentum tensor, i.e., T%B = 0, one obtains
the continuity equation as

p+3H(p+p)=0. (9)
According to the arguments of ref. [104], the work density
is defined by

1 1

W = —=T%hay, = =(p — p)- (10)

2 2

At this point, we briefly mention eq. (10). Here, W is the
work done by the volume change of the universe.

Now, we start to calculate eq. (2) step by step. Employ-

ing the volume [15]

4
V= 7777'"‘134,

; (1)

the total energy of universe E = pV and eq. (9), one finds
the differential of E as follows:

dE = pdV + Vdp = 4npiddia — 4m(p + p)ra’ Hdt, (12)
and from egs. (10) and (11), WdV is given by
WdV = 27(p — p)i4dia. (13)

Differentiating the entropy in eq. (3), we obtain T;,dS), as

2
s (52) -

2HTA)7TQQ rA dra. (14)

Amalgamating eqgs. (12)—(14) in eq. (2) and employing the

relation %
dig = —HF, (H 2) dt, (15)

a

we obtain
2 o _2-do
dn(p+p)Hdt = ( ;—a) 7T2T>z77A‘l dra. (16)
e

Combining the continuity equation with the above equa-
tion and integrating the above equation gives the first
Friedmann equation. Then using eq. (15) in the above
equation yields the second Friedmann equation. The mod-
ified Friedmann equations are given by

2+« 2-a _2=83a 47 (3o — 2
T2 7, @ = —
200 A 3 o P

2+a) zoa 2= (. k
( 20 )7”“ Ta (H—ag>=—4ﬂ(p+p),

where we set the integration constant to zero in the first
equation?. These modified equations are the reduced usual

(17)

2 Alternatively, deriving the first Friedmann equation and employ-
ing the continuity equation gives the second Friedmann equation.

form in the limit « — 2. Using eq. (5), Friedmann equa-
tions are expressed in terms of the Hubble parameter, i.e.,
3o — 2

k S 81
) (s ),
( a? 3 ((2+a)7r2a )P

240\ 2a( o k\T (. k)
( o )77 (H +a?> (H—a2> = —4n(p+p).

(18)

Now, we would like to investigate the fractional effects
on the deceleration parameter ¢ for k£ = 0. It is given by

ad

¢=-—
a?’

(19)
where positivity and negativity of ¢ mean decelerated
and accelerated phases, respectively. From the continu-
ity equation (9), we obtain

P = poa_3(1+w)7 (20)

where we use p = wp as equation of state and pg is a
constant. Substituting eq. (20) in the first equation in (18)
yields the following solution:
3a—2
a(t) o t3awFD (21)
From the above solution, the deceleration parameter is
given by
24+ 3aw
=— 22
3a—2 (22)
For radiation (w = 1/3) and matter (w = 0) dominated
eras, deceleration parameters are given by

24+« 2

3a—2  ImT 3,y

respectively. We recover the standard forms of egs. (23) in
the limit @@ — 2. Since 1 < a < 2, both deceleration pa-
rameters are always positive, i.e., matter- and radiation-
dominated eras correspond to decelerated phases. The
results imply that fractional effects do not provide an
alternative to dark energy. This is in contrast to Tsal-
lis cosmology [27] while it is similar to Barrow cosmol-
ogy [38]. At the late time acceleration, ¢ is negative for
w < —%. It clearly shows a shift from the standard case,
i.e., w<—1/3.

Now, we prospect whether the initial singularity of the
universe is accessible or not. For this purpose, we use
the analysis in refs. [105,106]. Combining the continuity
equation with the first Friedmann equation for k£ = 0, we
get

Qrad = (23)

da—2

psa—2

=3+ 1V (o)) e (24)

3(a+2)

Integrating this equation from a finite density p* to an
infinite one, we find

1 8(3 —2)\ = /°° d0-2
t=4+ 2-3a dp,
3y/7(w + 1) (3(a+2)> e

(25)
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and the solution is given by

—a

n 1 (8(304—2)) 75a (2—3a> pzf’aa
3vm(w+1) \ 3(a+2) a T
(26)
The result implies that the Big Bang singularity is accessi-
ble since the time to reach singularity is finite. Moreover,

we can make the analysis more specific by substituting
eq. (20) into the integral in eq. (25). We obtain

B +1 8po(3a — 2)\ 5=
t3u+m¢w<3m+m >

0
3a—2 3a(1+w)
X a 3a—2
«

Q%

t=

: (27)

where a, is a finite and nonzero scale factor. It is straight-
forward to find ¢ = oo for the condition w < —1. However,
this condition is independent of the fractional case since
the standard case (a = 2) similarly,

0

t=

_1
=2 [8”0] Tt (28)

3(1+w) | 3

Q5

gives t = oo for w < —1. Forw > —land 1 < a < 2,
eq. (27) yields

o

" £l 8po(3a —2)\ T (3o — 2 2alte
— ay .
31+w)vm \ 3(a+2) o

(29)
This result similarly implies that the time to reach sin-
gularity is finite. In fig. 1, we present the time to reach
singularity with respect to scale factor®. For the larger
values of a, the time to reach singularity increases while
« decreases. For smaller values of a, the time to reach
singularity increases while « increases.

Generalised second law.  GSL states that total en-
tropies of fluid and horizon do not decrease with time. In
order to check the validity of GSL, we begin to rearrange
eq. (16) as follows:

B 3a—2
7o =4nr 2«

4da—2

2« 4a—2
Hi, o .
2+a>(ﬂ+p) Ty

(30)

Combining egs. (14) and (30) leads to the following ex-
pression:

TySp = 4n(p + p)HF,
3a—2

a— 2a
x {1 —2r% (p+p) <M> e

which does not ensure the validity of the second law, i.e.,
Sp > 0, since (p+p) is negative for the accelerated phase.

| ey

3We only present the w = 0 case since similar effects can be seen
for radiation-dominated and accelerated cases.

Dashed-

scale factor.
dotted blue line: o = 1.1; dotted green line: a = 1.4; dashed
red line: o = 1.7; and black solid line: a = 2. We take po =1
and w = 0.

Fig. 1: Time to reach singularity wvs.

Therefore, we must take into account the entropy of mat-
ter fields. To do so, we consider the Gibbs equation which
is defined by [107]

TydSy = d(pV) +pdV = Vdp + (p + p)dV, (32)

where 77 and Sy correspond to the temperature and
entropy of the matter fields inside the apparent hori-
zon. Moreover, we consider the thermal equilibrium, i.e.,
Ty = T, otherwise the spontaneous energy flow between
fluid and horizon would cause the deformation of the FRW
geometry [107]. Furthermore, in order to avoid nonequilib-
rium thermodynamics, we use the assumption of thermal
equilibrium between horizon and fluid. Hence one can ob-
tain the following expression from egs. (9), (11), (30) and
the Gibbs equation:

TySy = —4n(p + p)H

3a—2 2c Ba-—2
1 —4r 2a e
x[ T2 (p+p)(2+a>rA ] (33)
Finally, combining egs. (31) and (33), we obtain
. . 5a—2 2« _Sa—2
Th(Sy + Sp) = 8m 2= <2—|—a> (p+p)2HF , ° (34)

It is clearly obvious that the total entropy change does not
decrease with time. Therefore, the GSL always holds for
all eras of the universe.

Friedmann equations from entropic gravity. — In
this section, we are going to derive the Friedmann equa-
tions from Verlinde’s entropic gravity. Following the ar-
guments of refs. [47,48], we begin to consider a compact
spatial region )V with a holographic screen on the bound-
ary 0V. We assume that the number of bits on the screen
is [47]

N=A, (35)
where A is the area of the holographic screen. From
entropy-area relation S = A/4, N is given by

N = 48,,. (36)

59001-p4
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Moreover, we assume that the total energy of the screen
obeys the equipartition law. So we have [47]
1

—NT

E= ,
2

(37)

where the screen temperature T" corresponds to the Unruh
temperature. It is defined by [47,108]

ar ar

T=-—"= 38
or 2’ (38)
where a, is the acceleration. It is given by [48]
d?r
ar = — dt2A = —dr. (39)

In order to obtain the Friedmann equations, we should
consider the active gravitational mass M instead of the
total mass M inside the region V. It is given by [48]

1 4
M = 2/ dv (Tuv - 2Tg,“,> utu” = gw(p + 3p)7Y,
v
(40)
where T}, is defined as in eq. (8). Furthermore, we as-
sume [47]

E =M.

From the fractional entropy (3), the number of bits N
(36) is modified as

(41)

a2
N =4 (nf%) > =4(ra’r ) (42)
From egs. (37)—(42), one can easily derive the second

Friedmann equation, i.e., the acceleration equation,

2—a

—a a\ . 47
e (D) =T,

: (43)

Multiplying 2aa on both sides of this equation and using
the continuity equation (9) yields

/—d =T ! d(pa®) 4,
(rr2) &= e S At

Choosing again the equation of state as p = wp, we obtain
from eq. (20),

(44)

d (pa®) = —po(1 + 3w)a"*"*“da. (45)

Using the above expression in the integral (44), one can
obtain

<a>2 k  8mpy a(Bw+1) o 3FD
a a? 3 77%(30@ +2) fi;a ’

(46)

which is a modification of the first Friedmann equation.
Using H = a/a and eq. (5), the Friedmann equations are
expressed in terms of the Hubble parameters as follows:

3a—2
2a
<H2 + k;) =
a

a(3w+1)

8mp
3 1% Baw+2)

2—«a

o)

where we used eq. (20) in the first Friedmann equation®.
Again, in the limit o — 2, the usual Friedmann equations
are recovered.

Let us again consider the deceleration parameter ¢ for

. 4
7r227(H+H2) = fg(p+3p) (H2+

the flat case. From eqs. (19), (43) and (46), ¢ is given by
2+ 3aw

=" 48

q o (48)
Choosing w = 1/3 and w = 0 gives

2+« 1
rad — s m = 49
Grad = — Im = (49)

for radiation- and matter-dominated eras, respectively.
Needless to say, it is clear that the deceleration parameter
is reduced to the standard form in the limit o — 2. Simi-
larly, radiation- and matter-dominated eras correspond to
deceleration phases since ¢ > 0. In order to explain the
late time acceleration (¢ < 0) we again find that w must

satisfy the condition w < —5

Lastly, we probe the singular and nonsingular beginning
of the universe. To do so, we rearrange the first Friedmann
equation in eq. (47) as

i <1+3w>apo]‘3“ /d (50)

t==
3(2+ 3aw)

for the flat case, k =
given by

0. Calculation of this integral is

3(1+w)a
Za—2
*

3a— 2

t==+ Oy a—
3a(l 4+ w)

877%(1 + 3w)apg e
3(2 + 3aw)

(51)
One can see that the result of the integral in eq. (50) is
finite for w > —1. Therefore, the result implies that the
initial singularity is accessible. However the prefactor of
q. (51) is imaginary in the interval —== < w < —z. So
tlme is also imaginary in this interval. In ﬁg. 2, we present
the time to reach singularity with respect to the scale fac-
tor and the equation-of-state parameter®. As can be seen
in the figure, time is imaginary for —4/9 < w < —1/3.
Therefore, it is unphysical. In order to avoid imaginary
time, we may interpret this result as a constraint on w.
We may exclude the values of w between —2/3« and —1/3
since time is not defined. We know that standard cos-
mology does not impose such a constraint on w. This
unexpected constraint arises with fractional modification.
This interval may imply that the universe will not arise or
cosmic beginning will not occur.

4At this point, we give some comments on the first Friedmann
equation. In order to evaluate the integral in eq. (44), we empoly
p = wp. We obtain the first Friedmann equation depending on a
specific equation of state.

5The effects of the fractional parameter resemble fig. 1.
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Fig. 2: Time to reach singularity vs. scale factor and equation-
of-state parameter. We take pp =1 and a = 3/2.

Finally, we give some comments on the consistency of
the two methods since one may expect the two methods
to have the same results. In contrast to the previous sec-
tion, we derived the Friedmann equations depending on a
specific equation of state in this section. Hence, egs. (18)
and (47) are not exactly the same. Nevertheless, if we ab-
sorb the extra terms in p, the first Friedmann equations
can be regarded as the same.

Conclusions. — In this paper, using fractional en-
tropy [63], we obtained fractional modified Friedmann
equations from two different approaches. First, we derived
the Friedmann equations from the first law of thermody-
namics at apparent horizon [15]. We checked the validity
of GSL and showed that it is valid for all eras. Then,
we investigated the effects of fractional parameters on the
deceleration parameter and time to reach the initial sin-
gularity. We found that g is still positive for radiation and
matter-dominated eras. Therefore, matter- and radiation-
dominated eras correspond to the deceleration phase. The
results indicate that fractional effects cannot provide an
alternative to dark energy. So we still need dark energy to
explain the late time acceleration. Moreover, w must obey
the condition w < —% for ¢ < 0 at late time acceleration.
Based on the method in refs. [105,106], we also calculated
the time to reach the initial singularity from a finite initial
density p. to the Big Bang density p — co. Moreover, we
repeat our investigation for the scale factor, namely we
calculate the time to reach the initial singularity from a
nonzero scale factor a, to a — 0. Our analysis reveals
that initial singularity is accessible since time is finite.

Next, we derived modified Friedmann equations from
Verlinde’s entropic gravity approach [47,48]. Again, we
handle the deceleration parameter and time to reach the
initial singularity. Just like the results in the previous
section, we found similar results for the deceleration pa-
rameters. Finally, we investigated the time to reach the
initial singularity in the entropic gravity case. The result
indicates that the singularity is accessible. We found that
time is imaginary, namely, unphysical for —3% <w < —%.
Therefore, we may interpret the result as a constraint
on w.

For the sake of completeness, we also mention the papers
in refs. [109,110] where the authors explored cosmological
consequences and modified gravity for Barrow entropy.
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